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THE THERMAL PROBLEM FOR A SUBMERGED STREAM "

M.A. GOL'DSHTIK and N.I. YAVORSKII

The general solution of the thermal problem of convective heat conduction
with volume heat dissipation caused by viscous dissipation of kinetic
energy of the fluid, whose velocity field is determined by the exact
solution /1/ of the Navier-Stokes equations, is considered for a sub-
merged stream. The possible formulation of the heat problem and the
characteristic behaviour of the solutions are investigated. The sclutions
obtained have a special feature, namely the existence, under specified
conditions, of two regimes of convective heat exchange.

A particular solution of the problem in question corresponding to a point heat source
superimposed on the steam source was obtained in /2/, without taking into account the
dissipative heat emisgsion. The solution corresponds to the first term of the expansion of
the temperature in a series in multipoles

TR, 0= w@®F " )
==l
where R,® are spherical ceordinates and the angle 0 is measured from the stream axis. The
appearance in (1) of the fractional indices @, is connected with the presence, in the
equation of heat conduction

v Juy du, \2
LT':Z—CP-(‘E;;'"'TT:) v L=(u, y)—ald @

of the convective term which changes the spectrum of the operator L,
The velocity field for a submerged stream has the form /1/

ua=v-'f-;(”r). ue=v]/”1—(i3;,—};-; y(z)=~2f—4—'_—’;:-, 3

z==cosf

The coefficients of kinematic viscosity v and thermal conductivity a are assumed to be
constant, 4 >1 is a constant connected monotonically with the momentum of the stream

I=16mpva [1 + gty — 7 1o 557 | %)

and according to {4)I-»0 as A—»o0 and I—o as 41

The expansion (1) holds only for the solution of the homogeneous equation (2). The
solution of the inhomogeneous equation of heat conduction (2) contains, apart from (1), a term
whose form is determined by the dissipative heat source, Without the convective terms in the
homogeneous equation the expansion (1) assumes the classical form, with o, =n and T,
being spherical functions. In the general case o, =n,n > 1. According to (3), the
dissipative function in {2) is proportional to R™, and this generates in (1), with one
exception which will be noted below, an additional term of the form 2 (z) R"? corresponding
to the particular solution of the inhomogenecus equation.

substituting (1) and (3) into (2), we obtain for a,z 2

(1 _JZ) Tn” — %Tﬂl -+ Pr (yTn’ -+ any'Tn) -+ 22 (an - 1‘ Ty = 0 (5)
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The particular solution of the inhomogeneous equation corresponds to the value @, =2
and satisfies the equation

-2 — 2’ + Priyu +2yuy+2u + Q&) =0 &)
{4?—1p 24(42 1P 2(A AP )
Q@) =— g + T Az
54 (A —1) A A _iePra? ¥
(A{__x), +{A_z),+A-z, Zem ———u, Pre=—

Here @ (z) is a normalized dissipative function and ¢, is the heat capacity.

Since the stream axis (z = +1) belongs, when R0, to the region of flow, it
follows that we should demand that the solutions of (5) and (&) be bounded at the points & =
41 at which the velocity field (3) is analytic. The linear equations (5),(6) belong to
the Fuchs class /3/, and since the defining equations have double zero roots at the points
z = 1, it follows that in the neighbourhood of each of the singuiarities z = -1 one of
the solutions of each equation is analytic, and the other has a logarithmic singularity.

Thus the solutions behave like Legendre functions. For the apalytic solutions we have
(1 —291"~0 as z— 1. This yields the conditions (only the upper or lower plus and
nminus signs are taken)

2%, (1) F [Proany’ (1) -+ @y {0y — 111, (1) =0 8)
w () F[Pry (1) + 1l u () FY0 1) =0 9

We note that the condition that the derivatives 1, {+1), ¥’ (1) be bounded leads tc the
following relations:

dr,/d0 = du/d8 le=o, =

corresponding to the axial symmetry of the temperature field. Problem (5), {8) is a problemin the
eigenvalues A, = &, {&t, — 1) and the corresponding eigenfunctions 1, of the multipole
expansion (1). Here 1, are found apart from arbitrary constant multipliers (,, whose
assignment determines the structure and intensity of the thermal singularity at the point

R == 0. We see that when a, =1, the eigenvalune of the problem is A, =0 and the
corresponding eigenfunction is

@) =0 @), ¢ =(4 2" 16)

The solution {10) obtained in /2/ corresponds to a heat source whose given intensity
determines the constant (.

vy eyt A Yo

T ot b oo A € oot Evrduvoe din $ o e X en e £ o~ = o
1% A8S Uyg, W& COULT 2.4. SpEC

o e 4 { 4 Eer Fow wmrmbhloame {(K)  7OY}
+igeEat O SpeClilying Tae an & kY

TS . X WA PLVAARRER A I p W)
an arbitrary temperature field 7T (R, 8) on a sphere of radius R, Then the coefficients
C, would be uniquely determined in the case of a complete system of linearly independent
functions.

Equation {5) is the result of the action of a non~selfconjugate generalized differential
Legendre operator /4/ on 7T, whose spectrum consists of isolated eigenvalues without the
limit points, The linear envelope of the eigenfunctions of this operator is dense in L, ((—1,
1)) /4/. Consequently the system of functions 7T, is complete in L, ([—1, 1]), since it allows
the analytic continuation of the points z = 1.

The eigenvalues A, = &, (&, — 1) of the differential operator in {(5) are real, and the
eigenfunctions are orthogonal, with weight 1/g.

Indeed, substituting T, = @g, into (3) we obtain {{f — 2?) og.'] + (& — 1) Pr ¥’ @gn + A08n =
a, from which we obtain, using standard procedures,

1 — 2% @ (gnfn’ — g I+ A =0

1
A== (b~ hyn) S PEnlr 4T
-1

Since ¢, gn, g» are analytic at the points z == 41, therefore A = 0 and this implies
the orthogonality of the system of functions 1, when nstém, as A, 5 Ap.

Replacing 1, by T,* and A, by A,* respectively (the asterisk denotes the complex
conjugate), we obtain from the condition A =0, (tTn 52 0) Ay = M*, i.e. all eigenvalues of the non-
selfconjugate differential operator of the equation (5) are real.

The eigenvalues A, and a, depend on two parameters, the momentum of the stream and
the Prandtl number., Clearly, when Pr =0 or [— 0, the convective terms in (5) vanish
and a, ==n, while the forresponding A = n(n—1) >0 for any integer value of n,

We note that when Pr are arbitrary and 4 (>-1), all eigenvalues A, {Pr, 4) >> 0 since the
smallest eigenvalue at all Pr and 2 is Xy = 0. This follows from the solution /2/ and
the fact that all eigenvalues continucus in Pr and 2 are isolated. This in turn implies
that the indices a, in {1) are also isolated and real., From the physical point of view it
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means that the solutions of the homogeneous equation (2) with velocity field (3) are not of
the wave type. It is convenient to replace the number A or moment I by the Reynolds number

Re — (_1_)'/,

2
% Pr=0,3 =
n=4 R N The relations a, = a, (Pr, Re) obtained by
a; numerical methods (described below) are shown
24 Brat |n=2 in Fig.l, for n =1,2,3,4 and Pr =0.5, and also
30 M for n =2 and various values of Pr. Wenote
d 3 5 == that the curves a, (0.5; Re) and a, (0.6; Re)
22 10 lie on different sides of the horizontal line
0.5 ay = 2. When 0.5<<Pr<06, the curves
2.0k= = ] showing the dependence of a, on Re intersect
2 8 05 | gy —p—— this horizontal, and this is shown for the case
2.0 "~ r m e 4 Pr = 0.54 with a dash-dot line. This will be
1-0}, 140 Blﬂ z‘ RT important in what follows.
720 Re Thus, problem (5),(8) has a solution for
Fig.l all admissible values of the numbers Pr and
Re. The solution of the homogeneous Eqg. (2)

therefore exists and is unique in the form (1), at least for a heat problem outside a sphere
of radius R,, with any type of thermal boundary conditions at its surface and zero (or
finite and constant) temperature at infinity.

In the case of a thermal problem in a spherical layer, series (1) must be supplemented
by terms with positive powers of R. This is met by writing the solution in the form

TR 8= w@R ™"
Naw—00

A solution of this problem clearly also exists and is unique, provided that we specify
any thermal conditions at the boundaries of the spherical layer. Evidently, the existence
and uniqueness of the solution of the boundary value problem for the homogeneous equation of
convective heat conductionwill occur in the case of the Laplace equation, and for regions of
more general type.

We have a different situation in the case of the inhomogeneocus problem (6),(9), in which
the dissipative heat emission is taken into account. If we write formally in Eq.(5) a, = 2,
it will be identical with Eq.(6) in which @ (z)==0.

Computations show that at definite values of Pr and Re problem (5),(8) has A, =2 as
the eigenvalue corresponding to ay = 2. In these cases the solvability of the inhomogeneous
problem beomes questionable. We can show analytically, using the Fredholm alternative, that
problem (6),(9) has no solution as Re-— oo, provided that Pr =1,

When the values of the Re number are arbitrary, we have a curve Pr, = Pr (Re) on which
the boundary value problem (6),(9) has no solution. The curve will be computed by numerical
methods.

The computations were carried out as follows., We posed two Cauchy problems for the

homogeneous Eq. (6)
4 uy (1), u_ (1), vy (1) 9 (=0

The solution was obtained using the Runge-Kutta-Mercen method with a relative error per
step of 1078 The integration was carried out up to some point of matching =z lying in the
region of steepest gradients. The solution u_ (z) is analytic near the point z= —1 and
becomes, generally speaking, unbounded when =z=1{. If however a set of parameters Pr and
Re exists for which the solution u_{z) will also by analytic when =z=1, then the functions
u(z) and u,(z) will be identical, apart from constant multipliers, everywhere in the interval
[—1,1). To make it }fappen for the solutions of the homogeneous second-order Eq.(6) with
homogeneous boundary conditions (9), it is sufficient that the functions and their first
derivatives agree at any point z, of the interval

Au_ (z;) = Buy(z;), Au. (zg) = Bu,' (zc)
The condition that the above system has a non-trival solution is, that the determinant

u_(z) u,(z,)

A =
(7)) u(z,)

does vanish. If at some value of Pr(Re) the quantity A =0, then the problem of a solvability
of the inhomogeneous problem is dealt with as follows. The solution of inhomogeneous Cauchy
problems, where ®(+1) is obtained from (7), can be written for (6) in the form Au_-+ Bul”®
and Bu, + u,° where the superscript ° denctes the particular solutions of the inhomogeneous
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equations. The necessary condition for these solutions to agree, and thus for the inhomogeneous
problem to have a solution, is the vanishing of the determinant

u_(z) w0 (x) —u (2,)

' {x) w{z)—u(z)

By (1)

provided that A= 0. If A,#0, then the inhomogeneous problem has no solution.

Figure 2 shows the results of the computations in the form of the relation Pr, = Pr (Re)
in case when A =0. We see that the numerical computations correspond to the asymptotic
analysis for the case Re — oo. We note that the same algorithm was used to determine the
eigenvalues a, (Pr, Re} of (5}, representing the roots of the eguation A {(a,)} = 0.

It should be stressed that the lack of a solution to problem (6),{9) does not imply the
insolubility of the initial stationary problem of convective heat conduction with viscous
heating (2), provided that the velocity field is given in the form (3). On the insolubility
curve Pr, = Pr (Re) the index of the dipole term in (1) @, (Pr, Re) and the solution of the
inhomogeneous equation proportional to R™? interact with the solution of the homogeneous
equation in such a manner, that the dependence of R on the inhomogeneous equation becomes
different; thus problem (6),(9) loses its meaning on the curve Pr (Re} where a, (Pr, Re} =2.

In this case we shall seek the particular scolution of the inhomogeneous Eg.(2) in the
form

T (R, z)—-—-:-'f%ﬂ +C"—‘R,(3)-lnR, € = const (12)

which ig dictated by the power dependence of the solution of the homogeneous equation and
heat source in (2), on R. Substituting (12} into (2} and taking (3) into account, we obtain

I~ 2% u,'T + 2u + Pr (2¥'uy + yu,’) = 3 + Pry’) Cu; — @ (2) (13
(4 — 2wV + 2uy + Pr 2p'u; + yu,’) =0 (14)

The boundary conditions for (13) follow from (9) after the substitutions U Uy, O
® — @3 +Pry)Cuy, and for (14) from (8) after the substitution Tn~+U;, @2 and the
assumption that u; (1) = 1. The constant C is chosen from the condition for (13) A () =
0 (11} to be solvable. .

The constant C does not deperd on the matching point x,, since we can find € in the
same manner from the condition that the solution of the equation conjugate to (14) is orthogonal
to the right-hand side of (13). The fact that the solution of the conjugate equation is not
trivial follows from the insolubility of problem (6),(9) and the Fredholm alternative, The
solutions (13) and (14) are shown in Fig.3 for certain values of Pr (Re), and we have put
there u, (1) =1, Curves 1 correspond to Pr = 0.56, Re = 7.08; 2 — Pr = 0.55, Re ==9,23; 3 — Pr =
0.54, Re = 12.1; 4 — Pr = 0.53, Re = 16.3.

A special feature of the solutions of (7) is the presence of a region in which u {z)<< 0.
Thus the viscous heating leads to the appearance of a negative contribution towards the
temperature, stipulated by the dipole character of the term with n =2 in expansion (1).

Indeed, in the limit when Pr=0, we have u(s)= Czx so that u(z) change their sign
when =z =0,

Let us consider the case of Pr-oc. We shall consider the solution of (7) near the

point = 4, Putting t=1—2<£1{, p=2Pr/(4 — 1) we obtain from (6)
- uy e A+ 2pu+ON2=0/p, O, u=u )
The solution of this equation has the following form, up to second-order infinitesimals:
u(t)=C (1 — pt) ™ — @ (1)/(4p), C = const
From this we have u©<«0 when t=1/p, therefore by virtue of the continuity there

exists a domain of values of z where u< 0.

In the case of arbitrary Pr and Re we obtained the solution of (6) by numerical
methods, Figure 4 shows characteristic profiles of u (z) near the curve of insolubility, The
number Pr serves as a parameter with HRe =152 fixed. Curves lw6 correspond to the values
of the Prandtl number equal to (.525; 0.529; 0.531; 0,533; 0.535; 0.539. We see that when the
solution passes through the value Pr, lying on the insclubility curve, it undergoes a quali-
tative change and the physical meaning of the solutions also becomes different.

We note that a solution of type (12) is complete for the problem in gquestion, since the
eigenvalues of the homogenecus problem are isclated. If any of the eigenvalues were repeated,
then we would have to add in {1}, as well as in (12), terms in the form of the k— 4-th
degree polynomials in In R where k is the multiplicity, multiplied by R s where o, determines
the k-tuple eigenvalue A, = a, (&, — 1).

To explain the physical meaning of the insolubility curve, we shall consider a simple
example of a thermal problem of convective heat conduction with viscous heating for a plane
hydrodynamic sink.
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The heat conduction Eq. (2} of the axisymmetric problem with velocity field
U= g, ugm 0

where (r, ) are polar coordinates and @ denotes the consumption (Pe is the Peclet number),
takes the form

_E_e_ dT 1 4 dI' ¢ Q 4va Pe?
T EHE ST E T Pemage a=—0 )

»
The solution of (15) with boundary conditions T(n)= 1Ty, T(w)=0 has the form

i ¢ 1 r \-pe q L .
10 =[Py | (5] T amemy . Pt )
T(r)uqﬂég——ﬁ—+7‘olr§-, Pe ==2

We see that the solution has the same character as that in the case of the Landau jet.
The point Pe=2 corresponds to the insolubility curve. When Pe— o, solution (16) implies
that the term ~r'® characterizes the thermal boundary layer at r=r, When Pe== o , the
thermal problem becomes a problem of convective heat transfer without thermal diffusion. The
boundary conditions for this problem can only be posed at the boundary of the fluid inflow,
and in this case the condition is T (c0) == 0. At large, but finite values of Pe, convective
heat transfer prevails over conductive transfer, so that the conditions at the outflow boundary
{r=ry) are not of major importance. This region of convective heat transfer corresponds to
Pe> 2,

When Pe<2, the formulation of the boundary condition at r=r, is of major importance,
since when r-— o , the term ~rP® becomes dominant and determines the temperature of the
fluid at the inflow region. 1In this case the boundary conditions interact, and this represents
a characteristic feature of the heat transfer by diffusion., The boundary Pe =2 separates
these two characteristic modes of the heat transfer.

Note that the sclution of the problem inaregion with the point r -0 removed, has a
physical meaning only when Pe™> 2. When Pe<2 and r--{, the non-physical negative
temperatures obtain.

In the case of a Landau jet the physically admissible solutions can be obtained ounly in
the region 0« R, ~ R, since a region with u (z)<<0 always exists. Just as in the case of
a plane hydrodynamic sink, the insolubility curve for the problem (6),(92) Pr, =DPr(Re)
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separates the region of the primary conv;cifve heat transfer (Pr > Pr,), from the region of the
i ive heat transfer (Pr << Pr,).
Prlmaiidzzg?uzz the thermal flux at infinizy is zero, theg 1,=0, énd in the case of Pr>
Pr, the principal term, as R — o0, represents the.part%cular solutz?n of the 1nh9mogen:?us
equation (2): z (x) R?, and the temperature at infinity will be determined by the d;551p; ive
heating and not by the heat source on the sphere R = R,. 1If on the other hjand' r << };*-'-» -
then the dipole term of the sclution of the homogeneous Eq.(2) will begome prlncxpal.as. : ,
i.e. in this case the influence of the boundary condition at R = R, will extend to infinity,
the latter effect being characteristic for conductive heat conduction, o .

If the heat flux at infinity is not zero, then it hardly makes sense t? él?tln901sh .
between those two modes of heat transfer. It should be noted that the possibility of §epa§at1ng
the heat transfer modes depends essentially on the manner in which the hgat §our?e, vhlch in
the present case is the viscous dissipation of kinetic energy of the fluid, is distributed
throughout the volume.
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ON THE NON-LINEAR MAXWELL-TYPE DEFINING EQUATIONS FOR DESCRIBING
THE MOTIONS OF POLYMER LIQUIDS*

A_.N. PROKUNIN

The problem of using non-linear Maxwell equations containing elastic
deformation as the intermediate parameter, to approximate experimental
data on the motion of polymer liquids under arbitrary elastic deformations,
is studied. The data used concern the simple shear, uniaxial tension and
pure shear. The form of the dependence of the free eneryg and rate of
irreversible deformation on the elastic deformation is expressed in
specific terms, It is assumed that in the course of the deformation,
directional phenomena such as crystallization and mechanical destruction
play a negligible part. Maxwellian models where the total deformation is
separated into the elastic and the irreversible part, were constructed

in /1-12/**, initially in the region of small elastic deformations /1-3/.
(**See also: Kuvshinskii E.V. Study of the flows of macropolymer solutions
(Mechanics of Elastic and Viscoelastic Media), Dis. na soiskanie uch. st.
dokt.fiz.matem.nauk, Leningrad, Leningr.fiz.-tkhn.in-t,1950; Leonov A.I.
On the description of rheological behaviour of viscoelastic media under
large elastic deformations. Preprint In-ta problem mekhan. Akad. Nauk
SSSR, Moscow, No.34, 1973; lLeonov A,I. Non-equilibrium thermodynamics

and rheology of viscoelastic polymer media. Preprint lektsii prochitannoi
v Mezhdunarodnoi shkole "Problemy teplo- i massoperenosa v reologicheski
slozhnykh sredakh "Minsk, 1975).

The present paper deals with the basic propositions developed-in /7,
8,10/ for Maxwell media. Basically, we use the approach of /7/ in which
the general form of Maxwell's equations is obtained within the framework
of quasilinear non-equilibrium thermodynamics under the assumption that
the locally equilibrium state of the medium is non-linearly elastic. The
drawbacks apparent in the description of the experimental facts, based on

specific equations, are noted and a simple method for overcoming them is
proposed.
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